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Abstract.
We study the problem of initial conditions for slow-roll inflation along a plateau-like
scalar potential within the framework of fluctuation-dissipation dynamics. We consider, in
particular, that inflation was preceded by a radiation-dominated epoch where the inflaton is
coupled to light degrees of freedom and may reach a near-equilibrium state. We show that
the homogeneous field component can be sufficiently localized at the origin to trigger a period
of slow-roll if the interactions between the inflaton and the thermal degrees of freedom are
sufficiently strong and argue that this does not necessarily spoil the flatness of the potential at
the quantum level. We further conclude that the inflaton can still be held at the origin after
its potential begins to dominate the energy balance, leading to a period of thermal inflation.
This then suppresses the effects of nonlinear interactions between the homogeneous and
inhomogeneous field modes that could prevent the former from entering a slow-roll regime.
Finally, we discuss the possibility of an early period of chaotic inflation, at large field values,
followed by a first stage of reheating and subsequently by a second inflationary epoch along
the plateau about the origin. This scenario could prevent an early overclosure of the Universe,
at the same time yielding a low tensor-to-scalar ratio in agreement with observations.
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1 Introduction
The inflationary scenario [1] is the current paradigm of early Universe cosmology. It addresses
a number of problems of Standard Big Bang cosmology, provided the first mechanism based
on causal physics to generate the observed density fluctuations on cosmological scales [2],
and made predictions concerning the spectrum of cosmic microwave background (CMB)
anisotropies which were subsequently successfully verified by the measurements from both
WMAP [3] and Planck [4] satellites (among these measurements relevant to inflation, one
can mention the near Gaussianity of the fluctuations, the acoustic oscillations in the angular
power spectrum of CMB anisotropies, and the small red tilt of the spectrum of fluctuations)1.
The inflationary scenario assumes that the patch of the universe we observe underwent
a period of almost exponential expansion during some time interval at some very early time.
This accelerated expansion is driven by the potential energy of a slowly rolling scalar matter
field. A key question when discussing the success of inflation is the initial condition question,
namely how likely are initial conditions which lead to a sufficiently large region to enter
a period of inflation. There have been claims in the literature that the initial conditions
1Note, however, that there are alternative early universe scenarios such as the Ekpyrotic scenario [5], String
Gas Cosmology [6] and the Matter Bounce model [7, 8], which also lead to fluctuations that are consistent
with the current data.
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to obtain inflation have to be severely fine tuned [9–12]. Indeed, for small field models of
inflation, the initial field velocity has to be severely fine tuned in order to obtain inflation [13].
On the other hand, for large field models of inflation the slow roll trajectory of the
scalar field is a local attractor in initial conditions space. This was indicated by the initial
studies done in Ref. [14], worked out in more detail in Ref. [15], and generalized to the
presence of linear gravitational fluctuations in Ref. [16] (see also Ref. [17] for a recent review).
These works used somewhat intuitive reasonings, but investigations using numerical general
relativity [18] confirmed the basic picture, and recent numerical work shown in the Refs. [19,
20] contributed to an improved characterization of the attractor basin of large field inflation.
Such large field models tend, however, to predict a too large fraction of tensor modes
in the primordial perturbation spectrum, and are thus in tension with the most recent CMB
observations by the WMAP and Planck satellites. Observational data seems to suggest,
in fact, scalar potentials with a plateau-like region for which the tensor-to-scalar ratio is
suppressed. This poses a significant challenge for inflationary model-building, since a slow-
roll solution is not a phase space attractor for most potentials in this class. This means that
inflation can only be triggered if the field is initially located in the inflationary plateau and if
its velocity is sufficiently small. In addition, this must be true on super-Hubble scales, since
nonlinear effects (both in the field and in the metric) could prevent the start of inflation. This
means, in particular, that even when the conditions leading to inflation are satisfied within
a Hubble-sized patch, if the field value outside this region does not meet these requirements,
the field and space-time dynamics may eventually make the field leave the slow-roll regime
everywhere. In Fourier space, this can alternatively be seen as due to nonlinear mixing
between super-Hubble and sub-Hubble modes in the field and Einstein equations.
These problems are generic for scalar potentials where inflation occurs only at a scale
V0  M4P so that, to make matters worse, inflation can only be triggered long after the
Planck era. For plateau-like potentials inflation thus seems to require finely-tuned initial
conditions for the field value, its velocity and degree of homogeneity, and also for the initial
spatial curvature of the Universe following the Planck era. Some authors have even gone
as far as saying that the inflationary paradigm is in considerable risk of failing [12] (see,
however, Refs. [21, 22] for a different point of view).
Historically, considerations of the early universe have either treated the cosmological
dynamics in the thermal limit, such as during the hot Big Bang regime, or in a zero temper-
ature state, such as during inflation. The proposal of the warm inflation paradigm [23–25]
showed that the dynamics slightly perturbed away from the thermal limit can have impor-
tant consequences with robust consistency with data. In particular, Refs. [26, 27] have shown
that going beyond the conventional setup for inflation and including interactions between the
inflation and other degrees of freedom generically lowers the tensor-to-scalar ratio in mono-
mial models, rendering them into agreement with observations. These interactions, which
must always be present to ensure the transition from inflation to a radiation-dominated Uni-
verse, may lead to finite-temperature fluctuation-dissipation effects that can (depending on
the model building details) potentially modify the dynamics of the inflaton field, at the level
of both the homogeneous background value and the small perturbations about the latter.
These effects are associated with particle production and, in the warm inflation scenario, are
themselves capable of sustaining a nearly-thermal bath during the inflationary expansion.
More generally, there are several periods during the evolution of the early Universe where
the Universe is slightly away from equilibrium and fluctuation-dissipation dynamics could be
present. Such regimes may be essential for explaining important features of the observed
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Universe. In particular it has been shown that fluctuation-dissipation dynamics can play a
relevant role in cosmic phase transitions [28] and baryogenesis [29] (for other applications of
the effects of noise and dissipation in cosmology, see, for example, Refs. [30–36]).
The question that naturally arises from these previous studies is whether fluctuation-
dissipation effects can play any role in the pre-inflationary era and, in particular, whether
they offer any novel insight on the problem of initial conditions, in particular for the plateau-
like potentials for which this problem is most severe as discussed above. The presence of a
friction term in the inflaton’s equation of motion has already been shown to have a substantial
impact in determining the minimum size of the initial inflationary patch [37]. In Ref. [37],
it has been argued that if before inflation strong dissipation (characterized by a dissipation
coefficient Υ compared to the Hubble expansion rate H satisfying Υ > H) is present, then it
will damp fluctuations of modes with physical wavenumber k < Υ. This means smoothness
of the initial patch size need not be required at the Hubble scale 1/H but over the much
smaller scale 1/Υ. For scales bigger than that, since dissipation will damp the modes, it
will prevent nonlinear dynamics from becoming significant. The works in Ref. [14] were
amongst the first to discuss the importance of an initial thermal state for the problem of
initial conditions in “new inflation” models with a plateau-like potential. These previous
works captured much of the important physics of the problem but were based in several
ways on intuitive reasoning. In the present paper, we will show that fluctuation-dissipation
dynamics during a radiation-dominated pre-inflationary epoch can indeed lead to such a
thermalized state, where the homogeneous inflaton value naturally becomes localized within
a flat plateau about the origin, thus setting the necessary conditions for the onset of inflation
(see e.g. [38] for previous discussions of the role of the pre-inflationary dynamics in setting
initial conditions for inflation).
While the framework of fluctuation-dissipation dynamics allows us to derive the key
results in Ref. [14], we will go further and discuss in detail the conditions under which such a
thermalized state can consistently be reached without spoiling the inflationary dynamics nor
its observational predictions. This, of course, requires significant interactions between the
inflaton and other degrees of freedom in the pre-inflationary thermal bath, which is widely
believed to be incompatible with successful inflationary models (see, e.g., Ref. [39] for an
earlier account on this). We wish, in particular, to challenge this prevailing view, and discuss
concrete scenarios where a successful field localization on the plateau may be achieved.
In addition, we will show that thermal effects may keep playing an important role
even after the inflaton’s potential energy becomes dominant, since for a flat plateau about
the origin the field’s mass is dominated by thermal corrections until the temperature drops
below the mass of the thermalized particles with which it interacts. This leads to a thermal
inflation period that follows the early radiation era but precedes the final slow-roll regime.
By lowering the temperature at which the field starts to move away from the origin, this
period also suppresses nonlinear interactions between the homogeneous field component and
its thermalized sub-Hubble modes, such that field inhomogeneities play a much less important
role than previously estimated.
Finally, we will discuss the possibility of two periods of inflation occurring in the early
Universe. A first period of chaotic inflation along a monomial branch of the potential can be
triggered already at the Planck scale as discussed above. The energy stored in the inflaton
field at the end of this period still exceeds largely the height of the plateau, so it is possible that
after reheating the inflaton becomes localized about the origin due to fluctuation-dissipation
effects and a second period of slow-roll eventually begins. The final 50-60 e-folds of inflation
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will then occur along the plateau-like region, thus combining the attractive features of both
chaotic and new inflation within the same framework2.
This paper is organized as follows. In Sec. 2 we give the Langevin dynamics describing
the evolution of the inflaton coupled to fermionic fields in the pre-inflationary thermal bath,
when the latter dominate the energy balance. We explicitly verify that super-Hubble field
modes become localized at the origin if their decay rate comes to exceed the expansion rate.
In Sec. 3 we analyze the conditions under which this localization can be achieved, discussing
in particular the compatibility of significant interactions between the inflaton and other
degrees of freedom and quantum corrections in the effective potential, as well as the role of
sub-Hubble modes and the initial conditions following the Planck era. In Sec. 4, we apply
our results to a concrete example of a plateau-like scalar potential of the symmetry breaking
form, and show explicitly that a period of thermal inflation may follow the early radiation
era. We also discuss the possibility of an early period of chaotic inflation and the subsequent
role of fluctuation-dissipation dynamics. Our main conclusions are summarized in Sec. 5 and
we include two appendices with additional technical details on the dynamics and predictions
of inflation for the concrete example considered and for a Higgs-like potential.
2 Dynamical evolution of the inflaton field coupled to a radiation bath
We start by describing the evolution of the inflaton field in a pre-inflationary era dominated
by a radiation bath with which the inflaton interacts. We will describe the radiation bath
in terms of a set of NF fermion species coupled to the inflaton through a standard Yukawa
coupling of the form:
LY = −gφ
NF∑
i=1
ψ¯iψi. (2.1)
The fermions acquire mass through the coupling to the inflaton and also possibly through
other interactions within the thermal bath. For example, when interacting with abelian gauge
bosons with strength e, which keep the fermions in thermal equilibrium [43] at a temperature
T , the fermions can acquire a thermal plasma mass m2ψ = e
2T 2/8. We will assume that these
masses are negligible with respect to the temperature, mψ  T , but still larger than the
Hubble parameter, mψ > H, such that a flat spacetime quantum field theory calculation can
be used when evaluating the decay width of the inflaton into fermions. We will also neglect
the tree-level inflaton mass, assuming that the field values of interest correspond to a region
of the scalar potential with negligible curvature compared to the ambient temperature. These
approximations will need to be checked a posteriori for consistency of the calculation. This
is done when we present an explicit example in Sec. 4.
The inflaton nevertheless acquires a thermal mass through the coupling to the fermions
in the radiation bath, which to leading order is given by [43]
m2φ = α
2T 2, α2 =
g2NF
6
. (2.2)
Interactions with the thermal bath also leads to fluctuation-dissipation effects. For mφ & H,
all inflaton Fourier modes are oscillating, as we will see below, and the relevant dissipation
2For similar ideas using an early inflationary epoch that can precede a second inflation along a plateau,
which could ease the initial conditions problem on the latter, see, e.g., Refs. [40–42]. However note that among
other differences, none of these works considered the importance of an intermediary reheating phase.
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coefficient corresponds to the on-shell decay width into fermions [44], while decay into bosons
(either scalar or gauge) particles can be neglected3. At finite temperature, for modes of
physical three-momentum p, the inflaton decay width is given by [45]
Γφ(p) =
3α2m2φ
4piωp
[
1 +
2T
p
ln
(
1 + e−ω+/T
1 + e−ω−/T
)]
, (2.3)
where ωp =
√
p2 +m2φ, ω± = |ωp±p|/2 and p = |p| is the modulus of the physical momentum.
Since we will be mainly interested in low-momentum modes, p T , and given that mφ . T
for perturbative couplings, we can approximate the decay width by
Γφ(p) '
3α2m2φ
4piωp
[
1− 2nF
(mφ
2
)]
' 3α
2m3φ
16piωpT
, (2.4)
where nF is the Fermi-Dirac distribution function. We point out that the additional factor
mφ/T < 1 in the finite temperature decay width with respect to the zero-temperature result
is due to Pauli blocking and reflects the phase space decrease at high temperatures, due to
the Fermi-Dirac distribution in eq. (2.4). However, since the inflaton mass mφ increases with
temperature, the decay width is, in fact, larger than at T = 0. Note that, in a radiation-
dominated universe, we have
a(t) = (t/ti)
1/2, H =
1
2t
, T (t) = Ti(t/ti)
−1/2, (2.5)
where we set a(ti) = 1 and the initial time is determined by the Hubble parameter when the
initial conditions for the total energy density are set. This implies that mφ ∝ t−1/2 and since
p = k/a for comoving momentum k, we also have ωk ≡ ωp ∝ t−1/2. This yields Γφ ∝ 1/
√
t,
which means that the conditions Γφ,mφ & H will necessarily be satisfied given a sufficiently
long time. For a radiation-dominated universe, the Friedmann relation becomes
H =
√
pi2
90
g
1/2
∗
T 2
MP
, (2.6)
where g∗ denotes the number of relativistic degrees of freedom in the thermal bath, which
includes the fermions and in general other species not directly coupled to the inflaton and
MP is the reduced Planck mass, MP = 2.435 × 1018 GeV. Thus, we have in the limit of
vanishing momentum that
Γφ
H
' 0.18 α
4
g
1/2
∗
MP
T
, (2.7)
3Note that e.g. for an interaction with scalar bosons of the form g2φ2χ2, the trilinear vertex leading to the
φ → χχ decay is proportional to the tree-level scalar mass g|φ| < T for relativistic bosons, and this results
in a suppression of the bosonic decay channels relative to the fermionic ones by a factor (gφ/αT )2  1. In
any case, the inclusion of additional decay channels will not change our conclusions significantly and in fact
it will only enhance the localization effect described below. Additional non-perturbative effects that we are
not taking into account in this analysis may also enhance this effect. The same is true if scattering processes
are also included. For instance, the scattering processes ψiψ¯i ↔ φφ and ψiφ↔ ψiφ correspond to higher-loop
contributions to the imaginary part of the inflaton’s self-energy. They are thus suppressed compared to the
decays considered in this work, which correspond to one-loop processes, and their contribution to the damping
rate is further suppressed in the large NF limit for finite α.
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which implies that dissipative effects will become significant for temperatures parametrically
below the Planck scale. Since Γφ . mφ for perturbative couplings, the inflaton field will
begin oscillating before dissipative effects become significant.
Assuming a flat FRW geometry, each Fourier mode of the inflaton field will satisfy the
Langevin-like equation of the form [46, 47]
φ¨k + (3H + Γφ(k))φ˙k + ω
2
kφk = ξk, (2.8)
where ξk is a stochastic noise term that encodes the backreaction of the thermal bath on
the evolution of the field and is related to the dissipation coefficient through the fluctuation-
dissipation relation [46, 47]
〈ξk(t1)ξk′(t2)〉 = 2Γφ(k)T (2pi)
3
a3
δ3(k + k′)δ(t1 − t2). (2.9)
This relation is valid in the high-temperature regime, when the fields coupled to the inflaton
are relativistic, and the noise term is approximately white and Gaussian (with zero average).
To determine the evolution of the Fourier modes, we assume a narrow decay width
Γφ  ωk and large frequency ωk  H, which should both be valid when the couplings are
small and T  H. The equation can be put into a suitable form for a JWKB analysis by
introducing φ˜k from
φk = a
−3/2e−Γφ/(2H)φ˜k . (2.10)
The approximations mentioned above now imply that
¨˜
φk + ω
2
kφ˜k ≈ ξ˜k = a3/2eΓφ/(2H)ξk . (2.11)
The JWKB solutions to the homogeneous equation are
φ˜±k ≈ ω−1/2k e±i
∫
ωkdt. (2.12)
The solutions (2.10) then yield oscillating field modes, the amplitude of which redshifts with
expansion and also decays exponentially in time due to dissipative effects. As seen above,
the latter will become significant at parametrically low temperatures and we would expect
the field to completely decay away given enough time. This is analogous to the damping of
a Brownian particle’s motion in a molecular gas due to the average friction effect resulting
from random collisions with the molecules in the environment [48].
The JWKB solutions provide the Green functions which we can use to solve the inho-
mogeneous equation,
φ˜k(t) =
∫ t
ti
G˜(t, s)ξ˜k(s), (2.13)
where
G˜(t, s) ≈ ωk(t)−1/2ωk(s)−1/2 sin
∫ t
s
ωk(t
′)dt′. (2.14)
The quantity of interest is the power spectrum of fluctuations,
〈φ˜k(t)φ˜k′(t)〉 =
∫ t
ti
ds1
∫ t
ti
ds2 G˜(t, s1)G˜(t, s2)〈ξ˜k(s1)ξ˜k(s2)〉. (2.15)
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Using the noise correlation relation Eq. (2.9), and restoring the original field modes, we may
write the power spectrum as
〈φk(t)φk′(t)〉 = 2e−Γφ/H(t)a(t)−3
∫ t
ti
ds
ωk(s)ωk(t)
[
sin2
∫ t
s
ωk(t
′)dt′
]
Γφ(s)T (s)e
Γφ/H(s).
(2.16)
Now a remarkable simplification occurs for the dissipation term given above. We notice that
Γφ/H ∝ a, and consequently
ΓφT
ωk
ds ∝ da. (2.17)
The equal-time correlator can then be obtained by averaging over the field oscillations (using
that 〈sin2 x〉 = 1/2) and integrating a simple exponential to give
〈φk(t)φk′(t)〉 ' T (t)
ω2k(t)a
3(t)
[
1− e−[Γφ/H(t)−Γφ/H(ti)]
]
(2pi)3δ3(k + k′)
' T (t)
ω2k(t)a
3(t)
(2pi)3δ3(k + k′), (2.18)
where we have taken Γφ & H in the second equality.
It is important to point out that the result (2.18) applies not only to sub- but also to
super-Hubbles modes in the present set up. A priori one should expect super-Hubble modes
not to be thermal. They should be frozen and maybe squeezed, as super-Hubble modes
of cosmological perturbations are [49]. However, we are considering the radiation epoch,
and in this epoch super-Hubble fluctuations are not frozen out and are not squeezed. The
reason is that the usual squeezing factor a′′/a vanishes. In addition, we are considering a
massive field, and so the super-Hubble modes will be oscillating and their evolution will
remain adiabatic. In this way, the fluctuation term conveys thermal equilibrium amplitude
values to super-Hubble modes.
Note that the power spectrum redshifts as t−1 in the radiation dominated era, which is
the regime we assume to be most relevant for the pre-inflationary era. The result still applies,
however, when radiation and potential energy terms are comparable, and we shall need this
later. Note also that the field variance becomes independent of the friction coefficient for
Γφ & H. Thus, the noise term counteracts the effects of dissipation, making the field modes
evolve towards an equilibrium configuration determined by the ambient temperature T (t).
This would follow from local flatness and the equivalence principle for scales smaller than the
horizon (see, e.g., Ref. [34]), but the important point here is that the result holds on long as
well as short scales. Again, this is analogous to the motion of a Brownian particle described
by the Langevin equation, where the random effect of molecular collisions does not really
lead to the complete damping of the particle’s motion through dissipative friction but rather
to thermal fluctuations of the particle’s velocity in an equilibrium configuration [48].
We may now use the result given by Eq. (2.18) to determine the average field value
in configuration space. We are mainly interested in the “classical” or “homogeneous” field
component, since only the low-momentum or superhorizon modes, k < aH, can lead to a slow-
roll inflationary regime, while sub-horizon modes will redshift away more quickly [15, 50, 51].
Since the field fluctuations in a thermal bath are classical in nature, we may use the Fourier
mode decomposition for a real classical field,
φ(x, t) =
∫
d3k
(2pi)3
φk(t) cos (k · x + αk) , (2.19)
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where αk are mode-dependent phases. Assuming the latter to be randomly distributed and
thus averaging to zero, we may then write the average field value on superhorizon scales as:
〈φ2c(x, t)〉 =
∫
k,k′<aH
d3k
(2pi)3
d3k′
(2pi)3
〈φk(t)φk′(t)〉 cos (k · x) cos
(
k′ · x)
' T
4pi2a3
∫ aH
0
k2dk
ω2k
∫ 1
−1
d cos θ cos2(kr cos θ)
' T
4pi2a3
∫ aH
0
k2dk
ω2k
[
1 +
sin(2kr)
2kr
]
. (2.20)
The oscillatory term between brackets in the last line in Eq. (2.20) makes the exact integration
rather cumbersome, but since it is roughly between 1-2, we may obtain a good estimate for
the field variance by replacing it with an O(1) number, say 2 for concreteness and to give
the largest possible variance. This then yields the result
〈φ2c〉 ∼
T
2pi2a3
∫ aH
0
k2dk
ω2k
∼ H
3T
6pi2m2φ
∼ 1
6pi2α2
H3
T
, (2.21)
where we have used that mφ & H in the pre-inflationary era. This implies that the mean-
square classical field fluctuation decreases as t−5/2 and we may write it only in terms of the
temperature of the thermal bath to finally obtain the result
〈φ2c〉 ∼
pi
6α2
( g∗
90
)3/2 T 5
M3P
. (2.22)
From the results given by Eqs. (2.21) and (2.22), we thus conclude that, asymptotically, the
average inflaton field variation is below the ambient temperature and also below the Hubble
scale since H3/T < H2. This holds when the effective coupling is not too small, but notice
that we required mφ ' αT & H for consistency of the calculation.
3 General Consistency Conditions Analysis
The analysis given in the previous section shows that fluctuation-dissipation effects can lo-
calize the homogeneous inflaton field at the origin with a parametrically small dispersion
∆φc/H ∼ 0.1α−1(H/T )1/2, as inferred from the result in Eq. (2.21). This will occur in a pre-
inflationary radiation-dominated epoch provided that the inflaton field interacts significantly
with the ambient radiation, modeled by a set of fermion species in our analysis. We are
interested in scalar potentials that have a flat plateau about the origin, where the curvature
is negligible and the inflaton mass is dominated by thermal effects. We will consider a specific
example of such a potential in Sec. 4, but in general we may consider a flat plateau region of
height V0. Thus, when the field is localized in this plateau, the inflaton potential will domi-
nate over the energy density in radiation at temperatures below the equality temperature Teq.
This can be obtained by equating ρR(Teq) = V0, which yields:
Teq =
(
30
pi2
)1/4
g
−1/4
∗ V
1/4
0 . (3.1)
We may relate the height of the plateau with the tensor-to-scalar ratio and the known am-
plitude of scalar curvature perturbations, ∆2R ' 2.2 × 10−9 [4], generated in the slow-roll
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regime,
r =
2
3pi2
∆−2R
V0
M4P
. (3.2)
Using Eq. (2.7), one may then obtain a lower bound on the effective coupling α, defined in
Eq. (2.2), which is required such that Γφ > H before the transition temperature for vacuum
dominance over radiation is reached and the pre-inflationary radiation era comes to an end.
This yields
α & 0.24g1/16∗
( r
10−6
)1/16
. (3.3)
Hence, the coupling between the inflaton and the thermal bath has to be quite large unless
inflation occurs at very low scales and yields a negligible tensor-to-scalar ratio. Otherwise,
dissipative friction will not have enough time to damp any initially large field values and
stabilize the variance at the value computed in the previous section. Such coupling values
may be too large to yield a successful inflationary model, since radiative corrections to the
scalar potential may spoil its flatness and fail to give the observed amplitude of the primordial
curvature perturbation spectrum. This requires further examination of the effective potential
during inflation. Likewise, we have to make sure that the energy density in the inhomogeneous
(sub-Hubble) inflaton modes remains sub-dominant, so as not to spoil the onset of accelerated
expansion. Finally, we also need to ensure that, as assumed, the fermions remain light
throughout the whole of the pre-inflationary era, which is crucial for the thermalization and
consequent localization of the inflaton field. Below we analyze each of these issues in more
detail.
3.1 Radiative Corrections and the Flatness of the Inflaton Potential
As shown above, the coupling of the inflaton to the radiation bath fields, Eq. (3.3), has to
be rather large so as to allow a sufficiently fast localization of the inflaton field with small
variance. This in turn can potentially lead to large radiative corrections to the inflaton
potential, possibly endangering its flatness. Two possible solutions to this problem, and
that we discuss next, can be given in terms of inflation models based on supersymmetry, or,
alternatively, by the appropriate application of the renormalization procedure determining
these radiative corrections.
In supersymmetric models of inflation, large (although perturbative) couplings may be
allowed. Despite supersymmetry being broken by the finite energy density during inflation,
there is still a partial cancellation of bosonic and fermionic radiative corrections. For example,
for a superpotential of the form W = gΦX2i /2+f(Φ), which gives a Yukawa term of the form
in Eq. (2.1), if the inflaton is the scalar component of the Φ supermultiplet and the fermions
are part of the chiral multiplets Xi, i = 1, . . . , NF , one obtains the one-loop correction to the
scalar potential [52]:
∆V
(1)
SUSY (φ) =
3α2
8pi2
ln
(
g2φ2
µ2
)
V (φ), (3.4)
where µ is the renormalization scale in the MS scheme, and V (φ) = |f ′(φ)|2 is the tree-level
scalar potential, such that one-loop corrections give naturally a sub-dominant contribution
to the effective potential and do not significantly modify the tree-level predictions. Note that
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we may easily construct a supersymmetric version of the analysis performed in the previous
section, with bosonic fields contributing to the inflaton’s thermal mass and decay width. The
contribution of bosons to the latter is, in fact, suppressed at high temperatures as we have
already discussed, while the thermal mass contribution is analogous to that of the fermions
up to numerical factors. Supersymmetry can then allow for the significant coupling between
the inflaton and a radiation bath required for the localization of its homogeneous modes close
to the origin without considerably changing the form of the potential at zero-temperature.
Alternatively, it has also been argued that, if the particles coupled to the inflaton are
heavy compared to the relevant energy scale µ during inflation, their contribution to the effec-
tive potential is further suppressed, in the spirit of the decoupling theorem [53]. This becomes
explicit using a mass-dependent renormalization scheme [54], whereas in mass-independent
schemes, such as the modified minimal subtraction MS scheme used in dimensional regular-
ization, it has to be enforced by hand. In particular, in a mass-dependent renormalization
scheme, the one-loop contribution of fields coupled to the inflaton is given, at one-loop order,
by
∆V
(1)
MD(φ) =
g4NFφ
4
64pi2
[
ln
(
M2
µ2
)
− I
(
M2
µ2
)]
, (3.5)
where the function I(a) = ln(a) − 2 − √1 + 4a ln [(√1 + 4a− 1)/(√1 + 4a+ 1)] effectively
replaces the 3/2 factor that one obtains in the MS regularization scheme. This has been
derived in Ref. [54] for a scalar interaction g2φ2χ2/2, yielding an effective mass squared for
the χ particles given by M2 = m2χ + g
2φ2. An analogous result can also be derived for
fermions, which gives an expression of the form of Eq. (3.5), but with an opposite sign. For
heavy fields, with µM , Eq. (3.5) becomes
∆V
(1)
MD(φ) ' −
g4NFφ
4
384pi2
µ2
M2
. (3.6)
In particular, if the field-independent mass in M2 = m2χ + g
2φ2 can be neglected, we imme-
diately see that this correction to the potential is quadratic in φ, thus shifting its squared
mass by an amount (α2/32pi2)µ2. Arguably the relevant energy scale during inflation is the
Hubble scale, µ ∼ Hinf , such that this correction to the inflaton mass is small even for the
relatively large values of the effective coupling α required for thermalization, and does not
spoil the flatness of the potential. Note that the temperature during the pre-inflationary
radiation era T > H > Hinf , so that we may have the hierarchy T > M > Hinf for which
fields in the thermal bath are relativistic before inflation but decouple during the slow-roll
phase. The appropriate choice for the renormalization scale during inflation remains, how-
ever, the subject of some discussion in the literature, but it is nevertheless clear that there
are possible scenarios where the inflaton can couple sufficiently strongly to a pre-inflationary
thermal bath without spoiling the required properties of the scalar potential at the quantum
level.
3.2 Kinetic and gradient energies before inflation
We have concluded in the previous section that the super-Hubble (or homogeneous) inflaton
modes become localized at the origin due to fluctuation-dissipation effects. We need, however,
to make sure that (i) their velocity and spatial variation are also kept small and (ii) the energy
density stored in higher-momentum modes is diluted fast enough compared to the potential
energy. These conditions are crucial for the homogeneous field to enter a slow-roll regime.
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As we have seen earlier in the previous Section 2, provided that Γφ > H, the inflaton
field coupled to the radiation bath will tend to an equilibrium solution characterized by a
“classical” component of average 〈φ2c〉 ∼ H3T/6pi2m2φ, with m2φ ' α2T 2. From the inhomo-
geneous solution we have obtained in that Section, we may also compute the average field
velocity and gradients, in order to better understand whether the field localization achieved
by interactions with the thermal bath leads to appropriate initial conditions for inflation with
a plateau-like potential.
First, differentiating Eq. (2.13) with respect to time, again using the JWKB approxi-
mation, we obtain:
˙˜
φk ≈ ωk(t)
∫ t
ti
[∫ t
s
cosωk(t
′)dt′
]
ξ˜k(s)
ds√
ωk(s)ωk(t)
. (3.7)
We may then proceed as for the computation of the field variance to obtain the variance of
the field velocity. In this case the main differences are the factors outside the integral and the
fact that the integral includes a cosine function rather than a sine. Since we are averaging
over field oscillations, the latter difference is irrelevant and it is straightforward to obtain
after some algebra the result
〈φ˙k(t)φ˙k′(t)〉 ' T (t)
a3(t)
(2pi)3δ3(k + k′) = ω2k(t)〈φk(t)φk′(t)〉. (3.8)
The above result is what one would expect for an oscillating field with frequency ωk. For
small momentum modes such that p = k/a mφ ∼ αT , this frequency is simply the field’s
thermal mass, such that it is easy to obtain the average squared field velocity for the classical
component, including all comoving momenta up to k = aH,
〈φ˙2c〉 ' m2φ〈φ2c〉 '
H3T
6pi2
. (3.9)
This implies that the average kinetic energy in the classical field decays as a−7 during the
pre-inflationary radiation era, and so much faster than the radiation fluid itself.
The above calculation also provides us with the initial conditions in phase space for the
classical (homogeneous) field at the equality temperature, given in Eq. (3.1). This yields
φc ∼
√
〈φ2c〉 ' 0.08
g
1/8
∗
α
(
V0
M4P
)5/8
MP ' 10−7 g
1/8
∗
α
( r
0.01
)5/8
MP , (3.10)
φ′c ∼ H
√
〈φ˙2c〉 ' 0.13g−1/8∗
(
V0
M4P
)3/8
MP ' 4× 10−5g−1/8∗
( r
0.01
)3/8
MP . (3.11)
Notice that this is still far from a slow-roll solution, since φ′c/φc ∼ αT/H  1, which is
naturally expected since the field is oscillating. We will nevertheless show in the next section,
where we consider a concrete example of a plateau-like potential, that these initial conditions
can yield a sufficiently long period of inflation in the slow-roll regime. Note also that the
recent Planck results [4] yield Hinf . 1013 GeV for the Hubble parameter during inflation,
such that V0  M4P . Thus, both the average field value and the average field velocity are
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(very) sub-Planckian. Note, in addition, that the average super-horizon field variance can be
written as
〈φ2c〉 '
2
3α2
(
H
T
)(
H
2pi
)2
. (3.12)
Thus, in the presence of the thermal bath the average field fluctuations on super-horizon
scales are smaller than the quantum fluctuations in the de Sitter inflationary phase on the
scale of the horizon with amplitude ∼ H/2pi.
We may proceed analogously to compute the gradient energy, noting that
〈(∇φ(x, t))2〉 =
∫
d3k
(2pi)3
∫
d3k′
(2pi)3
k · k′〈φk(t)φk′(t)〉 sin(k · x) sin(k′ · x)
=
T
a3
∫
d3k
(2pi)3
k2
ω2k
sin2(k · x)
=
T
4pi2a3
∫
k4dk
ω2k
[
1− sin(2kr)
2kr
]
, (3.13)
where in the last line we have performed the integral over the angular variables. The term
within square brackets is O(1) and we may replace it by unity to estimate the gradient energy.
For the classical field component, we include only the super-horizon modes in the momentum
integral, which then gives for the gradient energy the result
1
2a2
〈(∇φc)2〉 ' 1
40pi2α2
H5
T
, (3.14)
which decays as a−11. Note that this is essentially H2〈φ2c〉 up to numerical factors. Hence,
〈φ2c〉 gives the mean variation of the field over super-horizon distances.
In the calculations shown above we have considered only the classical field component,
including only super-horizon momentum modes, since these are the only ones that may
eventually enter a slow-roll regime after the radiation-dominated period has ended. It is
nevertheless relevant to compute the average values of the different energy components when
including higher-momentum modes. Our analysis is valid up to physical momenta of the
order of the ambient temperature, p = k/a . T , for which ωk ∼ αT , for α . 1. Higher-
momentum modes will naturally be (Boltzmann) suppressed in the thermal bath, such that
we may safely neglect them. Thus, extending our earlier calculations to k < aT , we obtain
that the average potential 〈V 〉, field velocity energy density 〈ρφ˙〉 and the energy density in
the field gradient 〈ρ∇〉 are given, respectively, by
〈V 〉 = 1
2
m2φ〈φ2〉 '
1
4pi2
T 4, (3.15)
〈ρφ˙〉 =
1
2
〈φ˙2〉 ' 1
4pi2
T 4, (3.16)
〈ρ∇〉 = 1
2a2
〈(∇φ)2〉 ' 1
40pi2α2
T 4. (3.17)
This shows that the potential, the kinetic and the gradient energies in sub-horizon modes are
diluted like radiation. This should be expected, since for Γφ > H the inflaton field thermal-
izes, and its short-wavelength components should behave as relativistic degrees of freedom in
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the thermal bath. The numerical factors in Eqs. (3.15), (3.16) and (3.17) are not rigorous,
due to the approximations considered when estimating them, but this shows that essentially
the inflaton field can be split into two separate components: the long-wavelength modes,
which may eventually enter the slow-roll regime; and the short-wavelength modes, which
are essentially part of the thermal bath and should correspond to an additional relativistic
degree of freedom that must be taken into account when computing g∗. Once the radiation
energy density ρR satisfies ρR < V0, the long-wavelength modes will dominate the evolution
if they enter a slow-roll regime, according to the discussion above, and neither the kinetic
nor the gradient energies in the short-wavelength components can block inflation, since, like
radiation, they will be diluted away.
Notice that one could worry that, even if the field’s gradient energy is negligible, large
fluctuations in the field could bring the classical component outside the plateau where slow-
roll is possible through nonlinear effects. The analysis above shows that the largest fluc-
tuations of the field occur on sub-horizon scales of size ∼ T−1 and with amplitude ∼ T .
This would imply that the plateau of the inflaton potential must in general extend for
∆φ & Teq ∼ V 1/40 about the origin, i.e., that the plateau’s width must be at least com-
parable to its height. However, the inflaton’s self-interactions are typically extremely weak
and, as we will discuss in the next section with a concrete example, slow-roll does not start
immediately at the equality temperature. We will thus leave the study of nonlinear mixing
between sub- and super-Hubble modes to the next section.
3.3 Thermalization and equipartition of energy
Our analysis of the thermalization process prior to the inflationary regime relies on the
assumption that the inflaton is coupled to thermalized light particles that dominate the
energy balance before the onset of inflation. If this is the case, the inflaton field will be
localized at the origin by thermal and fluctuation-dissipation effects as we have demonstrated,
but we need to check the consistency of this assumption.
Since our analysis is based on general relativity and perturbative quantum field theory, it
will only hold for energies below the Planck scale. We must then ask what are the reasonable
initial conditions as the Universe emerges from the Planck era, when quantum gravity effects
are presumably dominant. In principle, the Universe emerges from this era, i.e., quantum
gravity effects become sub-leading, when the total energy density becomes sub-planckian,
i.e., when ρT ∼M4P . Since gravity treats all species on equal footing, it is also reasonable to
assume equipartition of energy after the Planck era. We assumed that there are g∗ relativistic
degrees of freedom at this stage (and throughout the pre-inflationary stage) that quickly
thermalize, and the inflaton field should thus carry as much energy density as each of these
degrees of freedom. Thus, for g∗  1, we have that
ρT ∼ g∗T 4 + ρφ ∼M4P ⇒ ρφ ∼ T 4 ∼ g−1∗ M4P . (3.18)
Hence, we expect that immediately after the Planck era the Universe will have a temperature
parametrically below MP and the energy in the inflaton field is also parametrically sub-
planckian. Nevertheless, for a not too large number of relativistic degrees of freedom, we
expect that at this stage ρφ  V0 and that the temperature is well above the equality
temperature defined earlier, Teq ∼ g−1/4∗ V 1/40 .
Consistency of the analysis requires, in particular, that the fermions are light, g|φ| . T .
If this is the case, our analysis shows that the field amplitude redshifts as 1/a and is further
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reduced by fluctuation-dissipation effects through the inflaton decay into fermions. Since
T ∝ 1/a, this implies that if the condition g|φ| < T is satisfied at the Planck era, it will
be satisfied at all times afterwards. Thus, we need to check under which conditions one can
have light fermions already at the Planck era, and analyze what happens otherwise.
To properly address the above consistency conditions for the localization of the inflaton
field, it is more convenient to show how they work for an explicit example, as we will do in
the following section.
4 Initial Condition Problem for Plateau-Like Inflaton Potentials: An ex-
plicit example
The main constraints on any inflaton potential are that it must lead to enough inflation,
with number of e-folds of expansion around or greater than Ne ∼ 50− 60, to give the correct
amplitude of scalar curvature perturbations, ∆2R ' 2.2 × 10−9, and to produce satisfactory
values for the observational quantities, like the tensor-to-scalar ratio r and the spectral index
ns, which according to the recent Planck data [4] are constrained to the values r < 0.08 (95%
CL, TT+lowP+BKP) and ns = 0.9655± 0.0062 (68% CL, Planck TT+lowP), respectively.
The upper bound on the tensor-to-scalar ratio, in particular, implies that large-field
cold inflation models, such as monomial potentials, are generically disfavored by the data,
which thus seems to prefer scalar potentials with a plateau-like region. We are mainly
interested in potentials for which the plateau is centered at φ = 0, in which case fluctuation-
dissipation effects may localize the field in the plateau during a pre-inflationary radiation-
dominated era as we have discussed in the previous sections. This suggests potentials with
a Z2 reflection symmetry with minima displaced from the origin at φ = ±v. The simplest
example of such a potential is, of course, the Higgs type of symmetry breaking potential
V (φ) = λ(φ2 − v2)2/4, but it is easy to check that such a potential only admits slow-roll
solutions for v &MP . These solutions involve super-planckian field values, and whether this
poses a problem for inflationary model-building has been the object of much discussion in
the literature. Nevertheless, independently of this fact, when slow-roll solutions exist they
are phase-space attractors, as we explicitly show in Appendix A. In this sense there is no
real initial conditions problem for this renormalizable double-well potential, and it behaves
very much like a large-field model, although it may lead to a tensor-to-scalar ratio within
observational bounds.
A fine-tuning of initial conditions is only required in cases where slow-roll solutions are
not phase-space attractors, and this occurs for plateau-potentials about the origin such that
V ′(0) = V ′′(0) = 0. This is the case of the Coleman-Weinberg potential V = V0
[
1 + x4(2 lnx2 − 1)],
where x = φ/v, that results from one-loop quantum corrections to a classically flat potential
and, thus, yields the well-known radiative symmetry breaking mechanism. It is also the case
of symmetry-breaking potentials with non-renormalizable terms, such as:
V (φ) = V0
(
1− 3φ
4
v4
+ 2
φ6
v6
)
, (4.1)
where V0 = λv
4. We plot these two potentials in Fig. 1, where the similarities between them
are apparent. In fact, they lead to quite similar observational predictions for ns and r as can
be easily checked.
For simplicity of the calculations, and despite its non-renormalizable nature, we will take
the latter as the particular example of a plateau-like potential for which we will explicitly
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Figure 1. Non-renormalizable plateau-like potential (solid blue curve) and Coleman-Weinberg po-
tential (dashed red curve).
check the efficiency and validity of the generic localization mechanism through fluctuation-
dissipation effects. The subsequent discussion will nevertheless apply in a similar way to
the Coleman-Weinberg case and other similar plateau-like models such as the generic non-
renormalizable models described in Appendix B.
We note that with potentials of this form one can obtain (non-attractor) slow-roll so-
lutions for sub-planckian field values, as explicitly shown in Appendix B. This leads to low
values of the tensor-to-scalar ratio, possibly outside the reach of near-future experiments, and
for the non-renormalizable potential in Eq. (4.1) one obtains in this case ns ' 0.94 − 0.95.
Although this is outside the window allowed by the latest Planck data, we point out that
non-renormalizable plateau-like potentials with higher field powers yield larger values for ns,
within the observationally allowed window, and that even for the case in study the addition
of dissipative effects during inflation (leading to a warm inflation regime) can sufficiently
increase the spectral index (see, e.g., Ref. [55]). We leave some of the details of the dynamics
of inflation and observational predictions for these potentials to the appendix, and here we
focus on the problem of initial conditions, which is the main scope of this work.
We have studied the dynamics of inflation for the non-renormalizable plateau potential,
in particularly solving numerically the coupled inflaton and Friedmann equations so as to
determine the initial conditions in phase space leading to a sufficiently long period of inflation.
From this study, detailed in Appendix B, we have obtained the following constraints on the
initial field value and velocity, respectively,
|φi|/MP . 3× 10−2(v/MP )2, (4.2)
|φ′i|/MP . 8× 10−2(v/MP )2, (4.3)
where φ′ ≡ dφ/dNe. Taking into account that for this model r ' 4 × 10−7(v/MP )4 for
v .MP , the average values obtained for the field and velocity at the temperature Teq, where
the inflaton potential dominates over the radiation energy density, and given in Eqs. (3.10)
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and (3.11), can be written, respectively, as
φc ' 2× 10−10 g
1/8
∗
α
(
v
MP
)5/2
MP , (4.4)
φ′c ' 9× 10−7g−1/8∗
(
v
MP
)3/2
MP . (4.5)
This shows that, with the pre-inflationary thermalization period, the average field value is
always within the required range of initial conditions for any v < MP , while the field velocity
is within the required range for 10−8MP . v < MP . There is, thus, a wide parametric range
for which inflation starts naturally after the initial radiation-dominated period.
We also note that the amplitude of the primordial curvature power spectrum ∆2R '
(2/3pi2)(V0/M
4
P )r
−1 ' 2.2 × 10−9 yields λ = V0/v4 ' 10−14, which is the typical value for
inflaton self-interactions found generically in single-field inflation models. We will use this
below to estimate the effects of nonlinearities in the field potential on the dynamics of the
long-wavelength modes.
One aspect that we may immediately check is whether our assumption that the fermions
coupled to the inflaton remain light throughout the initial radiation-dominated era is satisfied.
If one assumes equipartition of energy at the end of the Planck era, as discussed earlier,
we have an initial temperature T ∼ g−1/4∗ MP parametrically below the Planck scale, and
V (φ) ∼ T 4 ∼ M4P /g∗. In the presence of a thermal bath of relativistic particles, the leading
thermal correction to the inflaton potential is the thermal mass term α2T 2φ2, as discussed
earlier, and one can easily check that for λ ∼ 10−14 this term dominates over the zero-
temperature part of the potential at such a high temperature for field values such that
V (φ) ∼ M4P /g∗. This means that the typical value for the inflaton field at the end of the
Planck era is φ ∼ α−1T  g−1T for small couplings and a sufficiently large number of
species such that α . 1. Hence, assuming an initial equipartition of energy, the fermion
mass is initially below the temperature, and as we have shown earlier, it will then remain so
throughout the radiation-dominated period.
We will start by assuming that equipartition holds, such that our thermalization and
localization mechanism begins immediately after the Planck era. At the end of this section,
we will nevertheless consider the alternative possibility that the inflaton carries a larger
fraction of the energy balance as the Universe emerges from this putative quantum gravity
regime, in which case the fermions are initially heavy and cannot be part of the relativistic
thermal bath.
4.1 Evolution after inflaton-radiation equality, thermal inflation and nonlinear
effects
We have shown that, in the radiation-dominated era prior to the onset of inflation, field modes
can get localized close to the origin (plateau) through the combined effects of the induced
thermal mass and fluctuation-dissipation terms in the equation of motion. We have concluded
that the classical field component has a very small mean variance, 〈φ2c〉 ' (6pi2α2)−1H3/T 
T , while the full field variance including sub-horizon momentum modes with p . T is larger,
〈φ2〉 ∼ (2pi2α2)−1T 2 ∼ T 2. The energy in the sub-horizon modes redshifts as radiation, so it
will not come to dominate over the constant plateau V0 as long as the super-horizon classical
field modes can be kept on top of the plateau for sufficiently long. Nevertheless, since there
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are nonlinear terms in the scalar potential, one must check whether the consequent mixing
between sub- and super-horizon field modes can bring the latter outside the plateau and spoil
the initial conditions for inflation.
First, let us note that the inflaton-radiation equality temperature Teq satisfies
Teq = (30/pi
2)1/4g
−1/4
∗ V
1/4
0  v, (4.6)
since V0 = λv
4 with λ  1. This means the full inflaton field should be everywhere within
the plateau region at equality, also giving gφ T , such that fermions are light as assumed.
The full effective potential at finite temperature can be written as:
Veff = V0
[
1− 3(φ/v)4 + 2(φ/v)6]− 2NF
pi2
T 4
∫ ∞
0
dyy2 log
[
1 + exp
(
−
√
y2 + g2φ2/T 2
)]
.
(4.7)
For relativistic fermions, g|φ|  T , when including the leading thermal corrections, we obtain
that
Veff ' V0
[
1− 3(φ/v)4 + 2(φ/v)6]− 7pi2
180
NFT
4 +
1
2
α2T 2φ2, (4.8)
while thermal corrections are Boltzmann-suppressed for g|φ| & T . Note that the first term
in this high temperature expansion is field independent and has a negative sign. This does
not, however, correspond to a negative energy density, since the (free) energy density is
ρ = Veff + Ts, where the entropy density is s = −dVeff/dT . This yields a total field
independent contribution of (7pi2/60)NFT
4, which is the well-known contribution of NF
relativistic Dirac fermions to the energy density of the thermal radiation bath, usually written
as ρR = (pi
2/30)g∗T 4 with g∗ = (7/8)× 4NF .
Let us then study the change in the shape of the potential close to the equality tempera-
ture Teq, which we illustrate in Fig. 2 (note that when plotting the effective potential, since φ
covers values ranging from high temperature g|φ|  T to low temperatures g|φ| & T , it is not
appropriate to use the result Eq. (4.8), but the full expression Eq. (4.7) or an approximation
of it that covers both the high and low temperature regimes [56]).
We can see in this figure that, on the one hand, at large field values the effective potential
coincides with the zero-temperature form, which is due to the fact that g|φ| & T at large
field values and thermal effects are exponentially suppressed. In a vicinity of the origin,
on the other hand, there is a dip in the potential as a result of thermal effects, essentially
corresponding to the thermal mass correction that we have considered in the pre-radiation
era. This dip naturally becomes shallower and narrower as the temperature decreases, but it
never actually disappears if the fermion mass vanishes at the origin, since there is always an
arbitrary vicinity of the origin where the latter are relativistic and yield a thermal correction
to the otherwise vanishing inflaton mass.
Despite the thermal dip in the potential becoming increasingly narrow, we have seen
that fluctuation-dissipation effects yield an average thermal field fluctuations 〈|φ|〉 ∼ T , for
which g|φ| < T for small couplings. This means that the inflaton is localized in this shallow
dip at the equality temperature, as shown in the zoomed inset plot in Fig. 2. At such average
field values we indeed find for the first and second derivatives of Veff with respect to the
field, respectively,
V ′eff (φ ∼ T, T ) ' (−12λ+ α2)T 3 > 0, (4.9)
V ′′eff (φ ∼ T, T ) ' (−36λ+ α2)T 2 > 0, (4.10)
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Figure 2. The effective plateau-like potential given by Eq. (4.7) for different temperatures above
Teq. The inset plot zooms in at the region about the origin for T = Teq, with the narrow shaded blue
region corresponding to −Teq < φ < Teq and hence to the average fluctuation range of the inflaton
field at this temperature.
where we have used that α2  λ. This implies that the potential is dominated by the thermal
mass for field values below the temperature. Hence, at Teq all field modes will still oscillate
about the origin.
Since V0 becomes dominant and the Hubble parameter becomes constant, Hinf '√
V0/3M2P , the condition Γφ > Hinf eventually fails and the field can no longer remain
in thermal equilibrium, such that we expect the fluctuation-dissipation effects from the de-
cay into fermions to become sub-dominant. The decoupling temperature at which Γφ = Hinf
is then given by
TD =
16pi
3
λ
α4
v2
MP
' 0.2
( α
0.4
)−4( λ
10−14
)1/4
g
1/4
∗
(
v
MP
)
Teq, (4.11)
which shows that thermalization may still proceed for temperatures parametrically below
equality for v  MP . Note that this does not imply that all dissipative effects shut down,
since adiabatic dissipation (see, e.g., Ref. [45]) may still be significant and in fact lead to
a period of warm inflation [47, 57], as we discuss in Appendix B, but let us for simplicity
focus on the case where dissipative effects can be neglected below Teq. As the thermal mass
dominates the potential at Teq in the localized field range, all relevant momentum modes
satisfy a linear equation of motion, which is given by
φ¨k + 3Hinf φ˙k + ω
2
kφk = 0, (4.12)
where ωk ' αT for all momentum modes with k . T . As long as T & Hinf , the modes remain
underdamped and oscillating about the origin, and it is easy to check that the amplitude
of each mode decays as e−3Ht/2, i.e., the whole field amplitude decays as a−3/2. Since
T ∝ 1/a, the field amplitude decreases faster than the temperature, and one remains in
the regime where g|φ| < T and where the thermal mass dominates the potential until the
temperature drops below Hinf . This is, in fact, essentially a period of thermal inflation [58,
59] following the pre-inflationary radiation-dominated era. One can also see that this could
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have an arbitrarily long duration, since even though the temperature is decreasing, the field
gets more and more localized close to the origin, where there is a local minimum (note that
this is a feature of plateau-like potentials where the zero-temperature field mass vanishes at
the origin). This period may, however, end before the temperature falls below the Hubble
parameter, if the fermions have a field-independent mass mf > Hinf , such that thermal
effects become exponentially suppressed for any field value for T . mf . We conclude that
the average inflaton field value at T ∼ mf should then be given by
〈φ2〉 ' T 2eq
(
mf
Teq
)3
, (4.13)
where we used that φ ∝ a−3/2 ∝ T 3/2. At this stage, the nonlinear zero-temperature terms
in the inflaton potential become dominant and the inflaton field will classically roll towards
the true minimum at φ = ±v. To ensure that the classical component can follow a slow-roll
trajectory towards the minimum, we may evaluate the slow-roll parameters at this average
field value, yielding in particular, that
ηφ ' −36
(
MP
v
)2(Teq
v
)2(mf
Teq
)3
, (4.14)
where ηφ = M
2
PV
′′/V as usual. If one takes, e.g., mf ∼ Hinf , this yields
|ηφ| ∼ 10−17g1/4∗
(
v
MP
)
 1, (4.15)
when taking λ ∼ 10−14. This implies that nonlinear effects cannot spoil inflation along the
plateau-like potential for any value of v < MP . The field is then extremely localized at the
origin after this period of thermal inflation, such that a long period of slow-roll inflation
should follow.
The duration of the period of thermal inflation is model dependent, being set by the
ratio Teq/mf according to the above discussion. We do not expect this period to have any
direct observational impact, since curvature perturbations exiting the horizon during this
period have a temperature dependent spectrum that cannot be nearly scale-invariant due to
the exponentially fast decrease in the temperature. Hence, the relevant CMB perturbations
must be generated during the subsequent slow-roll phase, which must last for 50-60 e-folds
independently of the duration of the previous thermal inflation phase. Nevertheless, thermal
inflation sets the temperature at which slow-roll begins and thus the initial state for inflaton
fluctuations, which differs from the Bunch-Davies vacuum. This may then lead to distinctive
observational features that we plan to analyze in detail in future work.
We note that the analysis above is purely classical, neglecting in particular the possibility
of quantum tunneling. Although this possibility is hard to analyze in detail, we note that for
tunneling into the true minimum of the potential to occur, one requires a field fluctuation
that places the inflaton outside the range where the thermal mass is dominant. For T & mf ,
this implies a field fluctuation such that the fermions become heavy, δφ ∼ T/g. For g  1,
such a fluctuation is much larger than the average thermal field fluctuations,
√〈φ2〉 ∼ T ,
so we expect the probability of quantum tunneling to be suppressed for small couplings and
parametrically large field multiplicities such that α ∼ g√NF . 1.
– 19 –
4.2 An initial period of chaotic inflation for large field amplitudes followed by
inflation on the plateau
We note from the results of the previous subsection that the thermal mass is the leading cor-
rection to the potential for g|φ| < T . Other corrections in the high-temperature expansion of
the effective potential (see, e.g., Ref. [60]) include, for example, Coleman-Weinberg terms at
finite temperature that induce quartic self-interactions of the inflaton field with an effective
coupling λeff ∼ g4NF up to loop suppression factors. These corrections to the quartic cou-
pling, generated by the loop thermal corrections to the tree-level potential, may exceed the
zero-temperature coupling λ ∼ 10−14 (noting that at zero-temperature Coleman-Weinberg
corrections may be suppressed by supersymmetry or decoupling effects as discussed previ-
ously, in Subsec. 3.1). These induce nonlinear effects that mix the different field modes, but
are generically suppressed compared to the effect of the thermal mass and, hence, they may
be discarded. For instance, we have that
λeffφ
4
α2T 2φ2
∼ g
4NF
T 4
α4
T 4
∼ N−1F  1. (4.16)
Although this shows that generically our analysis should be valid already at the Planck era,
we cannot exclude the possibility that the potential is dominated by the zero-temperature
power-law term (φ6 in the present case-study) at the Planck era. This may occur in particular
if, for some reason, equipartition of energy at the Planck era does not apply and the inflaton
energy density exceeds that of the thermal bath. In this case we may have g|φ| & T at the
Planck era, such that the potential has the zero-temperature form.
This possibility is quite interesting, since in this case the field value will typically be
sufficiently large to trigger a period of chaotic inflation with a power-law potential already
at the Planck era. Note that H ∼MP at the Planck era, implying that only super-planckian
modes are within the horizon at this stage. Assuming that the typical physical momentum
of the excited field modes is at most k . MP , we conclude that typical modes are super-
horizon at this stage and so chaotic inflation will be triggered if the slow-roll coefficient
φ = M
2
P (V
′/V )2/2 < 1 (note that chaotic inflation is an attractor in phase space when this
condition is satisfied). For a φ6 potential this condition corresponds to |φ| > 3√2MP ∼ g1/4∗ T
at the Planck era, which is easily satisfied if |φ| & T/g and thermal effects are sub-dominant.
If chaotic inflation begins at the Planck era, we may expect the thermal bath to be
diluted away very quickly. Nevertheless, this inflationary period will last until φ ∼ 1. At
the end of this initial slow-roll regime, it is easy to see that V ∼ V0(MP /v)6  V0. This
large energy density will then be transferred into radiation through the standard reheating
process as the field oscillates about the minimum(a) at φ = ±v and decays into fermions.
If reheating is sufficiently fast (as will be the case if the parametric resonance instability
of preheating [61] is effective), the radiation energy density will largely exceed V0 after this
reheating period, and the plateau potential may once more be lifted by thermal effects.
The reheating process may be quite involved, including both perturbative and non-
perturbative effects (see, e.g., Refs. [62, 63] for recent reviews), initially at nearly vanishing
temperature but then at finite temperature once the fermions that result from the inflaton
decay thermalize. Nevertheless, we may have a good idea of the parametric regimes required
to successfully reheat the Universe and thermalize the inflaton by considering first the T = 0
perturbative decay of the inflaton into fermions.
Since the model Eq. (4.1) is dominated by the non-renormalizable φ6 term after inflation,
we can assume this form for the potential in the initial phase of oscillations. Let us also assume
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that reheating will occur while the inflaton amplitude is still sufficiently large that we may
discard other terms. In this case, the inflaton mass is mφ =
√
V ′′(φ) =
√
60λφ2/v, while the
fermion mass is mf = g|φ|. Inflaton decay is then kinematically possible once mφ > 2mf ,
which happens for field amplitudes
|φ| > 1√
15
g√
λ
v, (4.17)
which is parametrically larger than the minimum v, since λ ∼ 10−14 for observationally
consistent models, unless the coupling g is quite suppressed. For field amplitudes larger than
this value, we may neglect the fermion masses, such that the zero-temperature perturbative
decay width is given by
Γφ =
g2NF
8pi
mφ =
3α2
2pi
(
√
15λ)
φ2
v
. (4.18)
For a field oscillating in a φn potential, the average kinetic and potential energies are
related by the virial theorem, 〈K〉 = (n/2)〈V 〉, such that in our case the average energy
density of the oscillating inflaton is
〈ρφ〉 = 4〈V (φ)〉 = 8λφ
6
v2
. (4.19)
Since this is the dominant component before the inflaton decays significantly, this yields an
average Hubble parameter given by
H =
√
8
3
√
λ
|φ3|
vMP
. (4.20)
Decay will then occur when Γφ > H, i.e., for field amplitudes satisfying
|φ| < φR ≡ 9
4pi
√
5
2
α2MP ∼ α2MP . (4.21)
Since we require α & 0.1 for thermalization of the inflaton after reheating, this is just below
MP and for v MP we may safely discard other terms in the potential as we assumed above.
We must, for consistency, require that the decay is kinematically possible at reheating, at
|φ| = φR, according to the constraint Eq. (4.17), yielding the upper bound:
v
MP
<
45
4pi
√
3
2
α2
(√
λ
g
)
, (4.22)
which may also be regarded as an upper bound on the Yukawa coupling g. Note that if this is
satisfied, decay will be kinematically possible at the end of inflation with |φ| ∼ √18MP  φR.
When Γφ ∼ H, the inflaton will effectively decay and the Universe becomes dominated
by the inflaton’s decay products. Assuming that these decay products are light (as we will
explicitly check below) and that they thermalize quickly through processes other than the
interactions with the inflaton field (e.g., through their interactions with gauge particles), we
can estimate the reheating temperature TR by equating Γφ with the Hubble parameter in a
radiation-dominated Universe, which yields for TR the result
TR =
135
4pi2
(
3
8
)1/4
α3g
−1/4
∗ λ1/4
(
MP
v
)1/2
MP ' 2α3
(
MP
v
)3/2
Teq, (4.23)
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which is thus parametrically larger than the equality temperature, Teq, at which V0 dominates
over the radiation energy density for α . 1 and v MP . The upper bound on v/MP in fact
yields a lower bound on the reheating temperature, given by TR & 7(g/10−6)3/2Teq 4
Now, we must check that the fermions are indeed light at the field amplitude and
temperature at reheating. From the above results for φR and TR, we readily find that
gφR
TR
=
pi
3
√
5
(
2
3
)1/4
α−1g1/4∗
( g
λ1/4
)( v
MP
)1/2
. 2
√
α, (4.24)
where in the last step we have used the upper bound on v/MP obtained in Eq. (4.22). We
thus see that the fermion mass at reheating is at most of the order of the temperature, so
that the calculation is consistent. This also means that the thermalized fermions will then
uplift the potential with the thermal mass correction, with the condition g|φ|/T satisfied at
all subsequent times, and localize the field at the origin, such that a second period of inflation
along the plateau may occur when the temperature eventually falls below Teq.
We note that the consistency of this analysis requires essentially that the upper bound
on v/MP , Eq. (4.22), is satisfied, which for λ ∼ 10−14, can be written as
v
MP
. 10−7α
√
NF . (4.25)
We note that this analysis neglects thermal corrections to the inflaton decay width, which will
be active as soon as a significant density of thermalized fermions is achieved before reheating
is complete, and also an initial stage of preheating, which may change these constraints.
Nevertheless, we see that it is parametrically possible to reheat the Universe after the period
of chaotic inflation so as to restore the symmetry and induce a subsequent period of inflation
along the plateau part of the potential.
The possibility of having two periods of inflation is quite attractive, since if chaotic
inflation is triggered immediately after the Planck era any initial curvature in the Universe
will be diluted away before the second period of inflation along the plateau. In the absence
of such a period of chaotic inflation, there may be a too long period of radiation-domination
before V0 becomes dominant, and if the Universe has initially a positive curvature it may
overclose before inflation begins. This implies that some degree of tuning of the initial
curvature of the Universe is required for a successful inflationary model with a plateau-like
potential, which is naturally less attractive.
5 Conclusions
In this work we have analyzed the possibility of addressing the initial conditions problem for
inflation with a plateau-like potential with finite temperature fluctuation-dissipation effects.
We have shown that in a pre-inflationary radiation-dominated era the coupling between the
inflaton and a thermal bath of relativistic fermions induces (i) a thermal mass correction
that dominates the potential, (ii) a friction term corresponding to the inflaton decay into
4We note that non-perturbative effects, in particular a parametric resonance, may speed up the reheating
process and should be taken into account in a more accurate treatment, which we leave for future work.
However, backreaction effects necessarily shut down the parametric resonance once the produced particles have
an energy density comparable to the inflaton’s energy density, and reheating always ends in the perturbative
regime. Considering only the perturbative decay of the inflaton thus yields an accurate estimate of the
reheating temperature.
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fermions and (iii) an associated noise term that sources inflaton fluctuations. The combined
result of these effects is a localization of inflaton modes about the origin, particularly the
super-Hubble modes, while sub-Hubble modes acquire a thermal spectrum.
This localization effect is a direct consequence of fluctuation-dissipation dynamics driv-
ing inflaton modes towards a thermal equilibrium distribution, reproducing the results found
in [14] where such a distribution was assumed. One should note that this is a non-trivial
result since, while local thermal equilibrium is a valid assumption on short sub-horizon scales,
nothing can a priori be said about the inflaton mode distribution on large scales. Employ-
ing the framework of fluctuation-dissipation dynamics, we have shown that super-horizon
inflaton modes evolve towards an equilibrium distribution as a consequence of thermal and
dissipative effects on short scales.
The formalism of fluctuation dissipation has also allowed us to conclude that a localiza-
tion of the inflaton’s long wavelength modes occurs provided that the coupling between the
inflaton and the species in the radiation bath is sufficiently large for thermalization to occur
before the plateau potential comes to dominate the energy balance. The lower bound on the
coupling decreases with the height of the potential, V0, since inflaton-radiation equality occurs
later for smaller V0, but we have found that the effective coupling α = g
√
NF /6 > O(0.1)
unless the tensor-to-scalar ratio is very suppressed. Such effective couplings could, of course,
be the result of a large number of species in the thermal bath and not necessarily of large
individual couplings.
While it is commonly believed that such large couplings can spoil the flatness of the
potential and its observational predictions, we have argued that in supersymmetric models,
for example, effective couplings of the required size do not modify the tree-level potential
in a significant way, thus consistently allowing for the localization of the inflaton at the
origin through thermal fluctuation-dissipation effects before the onset of the slow-roll regime,
independently of whether the latter occurs in a cold or warm regime. The addition of scalar
degrees of freedom will, in fact, help the thermalization process. We have also pointed out
that, even in the absence of supersymmetry, sufficiently large couplings may be allowed
provided that the species responsible for the inflaton thermalization become heavy during
the slow-roll regime, compared to the relevant energy scale during inflation, which should
arguably be the inflationary Hubble scale. The quantum corrections to the scalar potential
induced by these heavy species are then suppressed compared to the conventional Coleman-
Weinberg term, in agreement with the decoupling theorem. We note that this is naturally
seen using a mass-dependent renormalization scheme, while decoupling has to be enforced as
a separate constraint in mass-independent schemes, such as the conventionally used minimal
subtraction procedure.
We have also shown that equipartition of energy at the end of the Planck era gener-
ically leads to initial field values such that the fermionic species in the thermal bath are
relativistic and that the field evolution is such that they remain relativistic throughout the
radiation-dominated era and even after inflation begins. In fact, for temperatures above the
bare (i.e. field-independent) fermion mass, T & mf , thermal corrections dominate the infla-
ton potential close to the origin and prevent slow-roll from starting. If mf < Teq, we have
thus found that the pre-inflationary radiation era is followed by a period of thermal infla-
tion. This implies that the slow-roll regime, where the final 50-60 e-folds of inflation should
occur, starts at a much lower temperature than previously thought. This in turn suppresses
the non-linear mixing between super-Hubble and thermalized sub-Hubble modes that could
otherwise prevent the onset of slow-roll. We have also shown that the energy stored in the
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sub-Hubble modes redshifts like radiation, so that they are effectively a part of the thermal
radiation bath and become sub-dominant at Teq. We note that dissipative effects can still
be significant during this first thermal inflation stage, until the inflaton decay rate drops
below the expansion rate, and in this sense there is also an early warm inflation period even
if fluctuation-dissipation effects play no role in the subsequent slow-roll dynamics.
If equipartition of energy does not hold at the Planck scale and the inflaton carries a
larger fraction of the energy density, one is likely to start in a regime where the fermions are
heavy and do not induce thermal effects on the scalar potential. Unless the plateau section
of the potential extends to such large (and most probably super-planckian) field values, the
field will naturally be outside the plateau region where the potential has a monomial form,
as in the examples considered in this work. It is then likely that a first period of chaotic
inflation may be triggered at the Planck era. At the end of this period, the energy density
in the inflaton still largely exceeds the height of the sub-Planckian plateau, so that after
reheating one may enter a radiation-dominated era during which the inflaton gets localized
at the origin by fluctuation-dissipation effects and a second period of slow-roll inflation along
the plateau may follow. CMB observations will only be sensitive to the final period, but this
is an attractive scenario since it allows for inflation starting immediately after the Planck era
while yielding a sufficiently low tensor-to-scalar ratio.
Hence, the thermalization and localization mechanism described in this work can be
relevant whether there is already a thermalized bath at the end of the Planck era or if
inflation is triggered from chaotic initial conditions at this stage, producing a thermal bath
upon a first reheating stage. The first possibility should occur if the initial inflaton field
value is sufficiently small for the fermions it interacts with to be light at this stage, provided
of course that thermalization of these degrees of freedom can occur in a Planck regime,
while chaotic inflation should be triggered in patches of the Universe where the inflaton field
value is larger and the fermions are most likely too heavy to form a thermalized bath. Both
possibilities are available in potentials with a flat section near the origin and a monomial
behavior at large field values.
While several of our conclusions were derived in the context of a particular plateau-
like potential, we expect the thermalization and localization mechanism to apply to any
potentials with a plateau-like region about the origin such that V ′(0) = V ′′(0) = 0, and
which require fine-tuned initial conditions to trigger a sufficiently long period of slow-roll
inflation. Thermal fluctuation-dissipation effects yield a natural dynamical mechanism to
obtain such initial conditions and, as we have shown in this work, can be significant without
leading to large quantum corrections to the inflaton potential, as commonly believed. While
there are potentially other aspects of the initial condition problem at the non-linear level that
we cannot address in this framework, our conclusions show that the inflationary paradigm
is not necessarily in trouble with the latest constraints on the tensor-to-scalar ratio, even
without considering modifications of the gravity theory. Furthermore if the inflationary
period is just long enough to solve the horizon problem, it has been recognized [64, 65] that
remnants of the pre-inflationary era might leave imprints on the data. The pre-inflation
fluctuation-dissipation dynamics studied in this paper could be of interest to examine in this
context. We thus hope that this work motivates further consideration of plateau-like models
in particle physics scenarios where the generic mechanism outlined here can be implemented.
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A Inflation with the Higgs-like symmetry breaking potential
In this appendix we analyze the inflationary dynamics for a Higgs-like potential of the form
V (φ) =
λ
4
(φ2 − v2)2. (A.1)
For this potential, the slow-roll parameters are given by
φ = 8
(
MP
v
)2 x2
(1− x2)2 , ηφ = −4
(
MP
v
)2 1− 3x2
(1− x2)2 , (A.2)
where x = φ/v. From this we immediately see that the potential suffers from an “eta-
problem” and cannot sustain a long period of inflation for v < 2MP even if the field is
initially very close to the origin. We thus expect a successful period of inflation to occur only
for super-planckian values of v. This is similar to chaotic inflation models, where the slow-
roll conditions are only satisfied for super-planckian field values, but in this case inflation
may actually occur for sub-planckian field values, the condition v & MP being essentially a
condition on the curvature of the potential near the origin.
The number of e-folds of inflation after the present CMB scales become super-horizon
at a field value φ∗ is given by
Ne ' −
∫
dφ
V (φ)
V,φ(φ)
=
v2
8M2P
[
ln
(
x2e
x2∗
)
+ x2∗ − x2e
]
, (A.3)
where the final field value φe corresponds to the smallest field value for which φ = 1. In Fig. 3
we plot the field value at horizon-crossing for 50-60 e-folds of inflation. As one can easily see,
the last 50-60 e-folds of inflation will occur with super-planckian fields for v & 10MP .
The spectral index and tensor-to-scalar-ratio are given, respectively, by
ns = 1− 6φ∗ + 2ηφ∗ = 1− 8
(
MP
v
)2 4x2∗ + 1
(x2∗ − 1)2
, (A.4)
r = 16φ∗ = 48
(
MP
v
)2 x2∗
(x2∗ − 1)2
. (A.5)
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Figure 3. Field value at horizon-crossing yielding 50-60 e-folds of inflation as a function of v. For
comparison, the dashed black line gives the value of v.
In Fig. 4 we show the observational predictions for 50− 60 e-folds of inflation after horizon-
crossing and the constraints obtained by the Planck collaboration [4]. It is clear in Fig. 4 that
the model is only in agreement with observations for 15MP . v . 40MP , which corresponds
to the regime where the observable e-folds of inflation occur for super-planckian field values.
Figure 4. Trajectories in the (ns, r) plane for the symmetry-breaking potential with 50−60 efolds of
inflation (shaded blue region), along with the 68% and 95% C.L. obtained by the Planck collaboration.
The circles give the prediction for particular values of v.
With the observational constraints on the value of the inflaton field VEV in mind, we
may now discuss the initial conditions in phase space that lead to a sufficiently long period
of inflation. We have solved the scalar field equation,
φ¨+ 3Hφ˙+ V,φ(φ) = 0, (A.6)
for different initial conditions in phase space and for different values of v. We show in Fig. 5
the regions in the plane (φi, φ
′
i), with the subscript i denoting the initial value and φ
′ = φ˙/H,
where the slow-roll condition φ < 1 fails after more than 60 e-folds.
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Figure 5. Regions in the initial phase space plane (φi, φ
′
i) for which inflation lasts more than 60
e-folds for different values of v/MP indicated by the numbers inside each region.
As one can clearly see in Fig. 5, initial conditions leading to a sufficiently long period
of inflation need to be significantly more tuned for smaller values of v, where the curvature
of the potential near the origin is larger. This is the origin of the statement often found in
the literature that “new inflation” potentials, as the symmetry-breaking potential example
under consideration, require extremely fine-tuned initial conditions, but as one can clearly
see this applies only to small values of v.
On the other hand we have seen above that observational constraints require super-
Planckian values, in which case enough inflation may occur for a wide range of initial condi-
tions. For large v, even super-planckian field values and velocities lead to a sufficiently long
inflationary regime, with φ′ <
√
6MP for v  MP . In fact, in this case the inflationary tra-
jectory is an attractor. We show this in Fig. 6, where we plot several trajectories in the (φ, φ˙)
plane. We have used a rescaled time coordinate t˜ =
√
λt which eliminates the dependence of
the field equation on the self-coupling λ.
As one can see in Fig. 6, for v = 20MP , panel (b), all trajectories with φ . v have
a common straight portion corresponding to the slow-roll solution, showing that this is an
attractor. This is opposed to the case v = MP , panel (a), where no trajectory actually follows
the slow-roll solution φ˙ = −V,φ/3H. This is because for v = MP we have |ηφ| > 1, so that
there are no consistent slow-roll solutions.
We thus conclude that the statement in the literature than “new inflation” requires much
more fine-tuning of initial conditions than chaotic inflation is connected with the assumption
that v < MP . This thus seems a wrong comparison, since chaotic inflation requires super-
planckian field values to allow for a wide range of initial conditions that yield a sufficiently long
period of inflation. Whether the fact that the required field values are super-planckian poses
a problem is still an object of debate, in the absence of a consistent ultra-violet completion.
There are, on the one hand, those who argue (see, e.g., Ref. [66]) that, since the relevant
energy density and curvature of the potential are sub-planckian, there is not any real problem
in terms of putative quantum gravity corrections to the potential. On the other hand, there
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Figure 6. Phase space trajectories (shown in MP units) for v = MP , panel (a) and for v = 20MP ,
panel (b). Time is rescaled by a factor
√
λ with respect to cosmic time. The red line gives, in each
case, the slow-roll trajectory.
is a worry that such corrections may involve powers of φ/MP , in which case the dynamics
of inflation in the super-planckian regime may not be under control. We do not aim to solve
this problem, but we point out that the problem is as severe for new and chaotic inflation and
that, provided that super-planckian values are allowed, both cases may yield a sufficiently
long period of accelerated expansion for a wide range of initial conditions.
B Non-renormalizable plateau-like potential
The example of the symmetry breaking potential is, as we have seen above, only observation-
ally consistent for v > MP , for which the slow-roll solution is an attractor for a wide range
of initial field and velocity values. In this sense, the initial condition problem is not very
severe in this case. Let us now explore a different example, based on a non-renormalizable
potential given by
V (φ) = V0
(
1− m
m− nx
n +
n
m− nx
m
)
, x = φ/v, (B.1)
for m > n and where m > 4 and these potentials have minima at φ = ±v with zero
cosmological constant. Let us first investigate the case with m = 6 and then the case of
general (integer) power m.
B.1 Plateau-like potential with sextic power
Considering m = 6 and n = 4 in Eq. (B.1), we obtain
V (φ) = V0(1− 3x4 + 2x6), x = φ/v, (B.2)
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and its shape is illustrated in Fig. 1. The slow-roll parameters for this potential are given by
φ = 72
(
MP
v
)2 [ x3(x2 − 1)
1− 3x4 + 2x6
]2
, ηφ = 12
(
MP
v
)2 [ x2(5x2 − 3)
1− 3x4 + 2x6
]
, (B.3)
such that both parameters vanish at the origin, making it a flatter plateau than the Higgs-like
potential. The number of e-folds of inflation after horizon-crossing is given by
Ne =
1
12
(
v
MP
)2 [ 1
2x2∗
− 1
2x2e
+ x2∗ − x2e − ln
(
x∗
xe
)]
, (B.4)
where xe ≡ φe/v is the real solution of φ = 1 closer to the origin (we choose positive x for
concreteness using the reflection symmetry of the potential).
The spectral index and tensor-to-scalar ratio are given, respectively, by
ns = 1− 432
(
MP
v
)2 [ x3(x2 − 1)
1− 3x4 + 2x6
]2
+ 24
(
MP
v
)2 [ x2(5x2 − 3)
1− 3x4 + 2x6
]
,
r = 1152
(
MP
v
)2 [ x3(x2 − 1)
1− 3x4 + 2x6
]2
. (B.5)
It is then easy to see that for v MP we have x∗  1 and that ns − 1 ' 3/Ne, which
yields ns = 0.94− 0.95 for 50-60 e-folds of inflation and an extremely small tensor-to-scalar
ratio r ' (v/MP )4/(12N3e )  1. Although the values of the spectral index in this sub-
planckian regime are just outside the 95% C.L. Planck contour, as shown in Fig. 7, allowing
for a slightly larger number of e-folds would bring this potential into agreement with the
data. As one can see, for 10MP . v . 20MP there is a good agreement with the data, but
this case is similar to the Higgs-like potential analyzed above and we do not expect a severe
initial condition problem in this regime. We will then focus on the v < MP regime.
v ￿ 0.1MP
v ￿ MP
v ￿ 10MP
v ￿￿
0.94 0.96 0.98 1.0010
￿11
10￿9
10￿7
10￿5
0.001
0.1
ns
r
Figure 7. Trajectories in the (ns, r) plane for the non-renormalizable plateau-like potential with
50 − 60 efolds of inflation (shaded blue region), along with the 68% and 95% C.L. obtained by the
Planck collaboration. The circles give the prediction for particular values of v.
As for the Higgs-like potential, we have solved the (homogeneous) scalar field equation
(A.6) numerically for different initial conditions in phase space, searching for values for which
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slow-roll lasts more than 60 e-folds. The results are illustrated in Fig. 8. It is clear that, for
smaller v, one requires the field to be initially closer to the origin and with a smaller velocity.
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Figure 8. Regions in initial phase space (φi, φ
′
i) that lead to over 60 e-folds of inflation for different
values of v ≤MP .
We show in Fig. 9 examples of phase space trajectories for the non-renormalizable
potential with two different values of v. We use a re-scaled cosmic time t˜ =
√
λt, where
λ = V0/v
4.
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Figure 9. Phase space trajectories (shown in MP units) for the non-renormalizable plateau-like
potential with v = MP , panel (a) and for v = 0.1MP , panel (b). Time is rescaled by a factor
√
λ with
respect to cosmic time. The red line gives, in each case, the slow-roll trajectory.
– 30 –
Figure 9 clearly shows that the slow-roll solution is not a (global) attractor for v < MP ,
but that it is nevertheless followed for sufficiently small values of the field and velocity as
obtained above. Note that for the example with v = 0.1MP , panel (b) in Fig. 9, there are
trajectories that oscillate between the two minima before settling into one of them. This,
of course, also occurs for any v = MP (and other values) but only for larger values of the
velocity than shown in this example.
B.2 General non-renormalizable plateau-like potentials
Complementing the result of the previous subsection, we may consider a generic class of
non-renormalizable plateau-like potentials of the form of Eq. (B.1) with arbitrary (integer)
value m ≥ 6. As illustrated in Fig. 10, for the case m = n + 2, these potentials yield wider
plateaux the larger the power n. In particular, the plateau region extends all the way to the
minima in the limit n→ +∞.
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Figure 10. Non-renormalizable plateau-like potentials with different leading powers n for m = n+2.
For such potentials, we have the slow-roll parameters
φ =
1
2
(
MP
v
)2( mn
m− n
)2
x2n−2
(
xm−n − 1
1− mm−nxn + nm−nxm
)2
,
ηφ =
(
MP
v
)2( mn
m− n
)
xn−2
[
1− n+ (m− 1)xm−n − 1
1− mm−nxn + nm−nxm
]
. (B.6)
The number of e-folds of inflation can be written in closed form as
Ne = − 1
M2P
∫ φe
φ∗
dφ
V (φ)
V ′(φ)
= − v
2
M2P
1
mn
{
m
2
x2 − B
[
xn−m,
(m− 2)
(m− n) , 0
]
+ B
[
xn−m,− 2
(m− n) , 0
]}∣∣∣xe
x∗
, (B.7)
where B(z, a, b) =
∫ z
0 t
a−1(1− t)b−1dt is the incomplete beta-function [67] and xe ≡ φe/v < 1
yields φ = 1.
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For the case v .MP , we have x∗  xe < 1, and we may write the relevant observables
and number of e-folds after horizon-crossing approximately as
ns = 1− 6φ∗ + 2ηφ∗ ' 1− 2(n− 1)
(
mn
m− n
)(
MP
v
)2
xn−2∗ ,
r = 16φ∗ ' 8
(
mn
m− n
)2(MP
v
)2
x2n−2∗ ,
Ne '
(
m− n
mn
)(
v
MP
)2 1
n− 2x
2−n
∗ , (B.8)
such that we may write
ns ' 1− 2
Ne
(
n− 1
n− 2
)
,
r ' 8
(
mn
m− n
)− 2
n−2
(
v
MP
) 2n
n−2 1
[(n− 2)Ne]
2n−2
n−2
. (B.9)
We see that the scalar spectral index is independent of the power m, while the tensor-to-scalar
ratio exhibits a mild dependence on this exponent. For n 1, we have
ns ' 1− 2
Ne
, r ' 8
n2
(
v
MP
)2 1
N2e
. (B.10)
We thus see that the large-n prediction of this general class of potentials for the scalar
spectral index coincides with that of the Starobinsky model [1], with ns = 0.96 − 0.967 for
50 − 60 e-folds of inflation, which is in very good agreement with the Planck results. The
tensor-to-scalar ratio is, in general, very suppressed for these potentials.
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Figure 11. Observational predictions for non-renormalizable plateau-like potentials with different
leading powers n for m = n+ 2 and Ne = 60. The ratio v/MP decreases from top to bottom in each
curve. The circles give, in each case, the prediction for v = MP as a reference. The dashed black line
gives the limiting prediction for ns with v .MP .
In Fig. 11, we illustrate the predictions obtained for general values of v/MP with different
powers n form = n+2 andNe = 60, where the approach to the Starobinsky value of ns is clear
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for v  MP . We also see that the predictions for v  MP converge for the different values
of n, and although the limiting value of ns is observationally consistent, the corresponding
tensor-to-scalar ratio r ' 0.13 is already excluded.
This shows that, even though the quartic plateau potential is only marginally consistent
with observational data, there exist similar potentials that are in perfect agreement with
Planck in a sub-planckian regime. These potentials exhibit, moreover, a wider plateau and
hence are less constraining in terms of initial conditions that can lead to a sufficiently long
inflationary period. Our earlier analysis of initial conditions for the quartic plateau provides,
thus, a worst-case scenario. Such non-renormalizable potentials should be, for example,
ubiquitous in supersymmetric theories, where are there are several flat directions in scalar
field space at the renormalizable level and which are only lifted by non-renormalizable terms.
B.3 Non-renormalizable plateau model in warm inflation
For completeness, we analyze the inflationary dynamics with the non-renormalizable plateau
potential (B.2) in the case where dissipative effects cannot be neglected during the slow-roll
phase. For a slowly rolling field, the main dissipative effects do not correspond to the field
decay width as we have used for the oscillating field modes in the pre-inflationary radiation
era, but arise from adiabatic dissipation that is non-vanishing at finite temperature [47].
In fact, such dissipative effects transfer a part of the inflaton’s (kinetic) energy into the
radiation bath, preventing it from being diluted. Hence, if there is sufficient dissipation in
this adiabatic regime, a thermal bath can be sustained during inflation, leading to what is
known as a warm rather than cold inflationary scenario.
The presence of the thermal bath must not, however, significantly alter the form of the
inflaton potential during the slow-roll phase, and in particular the thermal mass that drove
the evolution of the inflaton modes before the onset of inflation must become suppressed in
the slow-roll regime. This may be possible if the fields coupled to the inflaton become non-
relativistic in the slow-roll phase, with T . gφ neglecting bare masses. Successful models
of warm inflation in this low-temperature regime have been constructed in the context of
supersymmetric models, leading to Yukawa interactions of the form we have considered in the
pre-inflationary era and their scalar counter-parts. We have seen that supersymmetry may
be indeed a way of controlling the flatness of the inflaton potential at zero-temperature and of
keeping the inflaton self-coupling sufficiently small while allowing for significant interactions
with other fields. The same is true at finite temperature in the low-temperature regime.
The superpotential yielding the relevant interactions is of the form
W =
∑
i,j
[
gΦX2i + hXiY
2
j
]
, (B.11)
where the inflaton is the scalar component of the Φ chiral superfield and the NX fermions
and their scalar superpartners form the Xi chiral superfields. The second term in the super-
potential containing the Yj chiral fields allows for the decay of the Xi fields. The mass of
the Yj fields in the thermal bath does not depend on the inflaton field value and they can,
thus, be kept light, while the Xi fields become heavy in the slow-roll phase. Note that in the
pre-inflationary era the inflaton is close to the origin and the Xi fields are light, as assumed
in our earlier analysis.
It has been shown that in the low-temperature regime the scalar components give the
largest contribution to the adiabatic dissipation coefficient (namely from virtual modes),
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yielding a dissipation coefficient of the form [47, 52]
Υ = Cφ
T 3
φ2
, Cφ = 0.04h
2NYNX . (B.12)
We note that the corrections to the inflaton potential are determined by the t’Hooft coupling
g2NX . 1 and that one also requires h2NY . 1 for consistency of the perturbative calculation
of the dissipation coefficient. Nevertheless, the constant Cφ can be made arbitrarily large
by taking a large number of X fields weakly coupled to the inflaton, i.e. NX  1, g  1
while keeping α2 ∼ g2NX with not too suppressed values as we have obtained earlier for
thermalization of the inflaton field modes prior to inflation.
The dynamics of warm inflation with this dissipation coefficient is determined by the
coupled system of inflaton and radiation equations along with the Friedmann equation, which
in the slow-roll regime can be written as
3H(1 +Q)φ˙ ' −V ′(φ), ρR ' 3
4
Qφ˙2, H2 ' V (φ)
3M2P
, (B.13)
where Q = Υ/3H. Consistency of the approximation requires in this case the slow-roll
conditions φ, |ηφ| < 1+Q to be satisfied. One can derive from these equations the evolution
equation for the dissipative ratio Q:
Q′
Q
=
1
1 + 7Q
(10φ − 6ηφ + 8σφ) , (B.14)
where prime denote e-fold derivative and we have defined the additional slow-roll parameter
σφ = M
2
P (V
′/V φ) < 1 +Q.
For the non-renormalizable plateau potential with sextic power, the slow-roll parameters
are given in Eq. (B.3), which together with
σφ ' −12
(
MP
v
)2 x2(1− x2)
1− 3x4 + 2x6 , (B.15)
allows us to write the slow-roll equation for Q as
Q′
Q
' 120
1 + 7Q
(
MP
v
)2
x2 (B.16)
for x = φ/v  1. Therefore Q′ > 0 and the dissipative ratio grows during inflation. Similarly,
using the form of the dissipation coefficient and the slow-roll equation for Q, one obtains for
the ratio T/H:
d ln(T/H)
dNe
=
2
1 + 7Q
[
2 + 4Q
1 +Q
φ − ηφ + 1−Q
1 +Q
σφ
]
' 48
1 + 7Q
(
MP
v
)2
x2
(
1 + 2Q
1 +Q
)
,
(B.17)
such that also the ratio T/H grows during warm inflation for the non-renormalizable plateau
potential, implying that inflation will occur in the warm regime if T∗ & H∗.
From the slow-roll Eqs. (B.13) one can derive a relation between the inflation field and
Q [57], and with the help of that to integrate Eq. (B.16) to obtain the number of e-folds.
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Since Q′ > 0, we may consider the case where Q∗  1 and Qe  1, which gives to leading
order
Ne ' 1
24
(
v
MP
)2
x−2∗
(
1 + 2.8Q
1/5
∗
)
. (B.18)
The case Q∗  1 is particularly relevant for computing the spectrum of curvature perturba-
tions generated during inflation, since in this regime one may neglect the coupling between
inflaton and radiation fluctuations. In the warm regime T∗ & H∗, for thermal inflaton fluctu-
ations the dimensionless power spectrum has been shown to take the form [33, 34, 46, 68, 69]
∆2R =
1
12pi2
−1φ∗
V∗
M4P
(
T∗
H∗
)
, (B.19)
which differs from the standard cold scenario by a factor 2T∗/H∗, which therefore enhances
the curvature power spectrum. To obtain the scalar spectral index one must differentiate
as usual the above expression with respect to the number of e-folds of inflation (equivalent
to the logarithmic differentiation with respect to the comoving wave number k). Using Eqs.
(B.16) and (B.17), we have for the scalar spectral index
ns − 1 = 2σφ∗ − 2φ∗ ' −24
(
MP
v
)2
x2∗ ' −
1
Ne
(
1 + 2.8Q
1/5
∗
)
, (B.20)
which is red-tilted. In fact, for 50-60 e-folds of inflation one obtains ns ' 0.96 − 0.97 for
Q∗ ' 10−4 − 10−2  1 as assumed, showing that dissipative effects during inflation may
bring this model into agreement with the Planck data even if they are still small at the time
when the relevant CMB scales cross the horizon.
Since tensor modes are unaffected by the thermal bath during inflation, we have for the
tensor-to-scalar ratio
r =
8φ∗
T∗/H∗
' 3× 10−6
(
1− ns
0.04
)3( v
MP
)4( T∗
H∗
)−1
, (B.21)
which is extremely small, even smaller than in the corresponding supercooled inflationary
scenario. Notice that this yields a modified consistency relation for warm inflation r =
4|nt|/(T∗/H∗) [26], but the smallness of the tensor-to-scalar ratio in this case implies that
this may be very difficult to measure in the near future.
Let us check the consistency of the approximations made in the above calculations.
First, we assumed that Qe  1 at the end of inflation. From |ηφ| = 1 + Qe ' Qe and the
relation between φ and Q we obtain that
Qe ' 36
(
0.04
1− ns
)5/2( Q∗
10−3
)1/2
, (B.22)
such that as assumed inflation ends in the strong dissipation regime. Secondly, we have
assumed x ≡ φ/v  1 for the entire duration of inflation. From Eq. (B.20) and |ηφ| ' Qe we
have, respectively,
x∗ '
(
1− ns
24
)1/2( v
MP
)
' 0.04
(
v
MP
)
, xe '
(
0.04
1− ns
)5/4( Q∗
10−3
)1/4( v
MP
)
,(B.23)
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such that this approximation is valid for v < MP .
Finally, we assumed that the fields coupled to the inflaton are non-relativistic, gφ < T ,
so as to suppress thermal corrections to the inflaton mass in the slow-roll regime. Using the
slow-roll equations, one can show that
d log(φ/T )
dNe
' − 12
1 + 7Q
(
MP
v
)2
x2
(
3 +Q
1 +Q
)
< 0, (B.24)
such that gφ/T decreases during inflation. At the end of the slow-roll regime, we find:
φe
Te
' 7435
( g∗
100
)1/6( 0.04
1− ns
)3/4( Q∗
10−3
)1/12
, (B.25)
such that we require couplings g & 10−4 to keep gφ & T throughout inflation. This is
compatible with a number of species NX ∼ 106− 107 while keeping g2NX . 1 to avoid large
quantum corrections to the inflaton potential.
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